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New solutions to the s£g(2)-invariant Yang-Baxter equations at roots of 

unity: cyclic representations 

D. Karakhanyan^, Sh. Khachatryan^ 
Yerevan Physics Institute, Br. Alikhanian 2, Yerevan 36, Armenia 

We find the all solutions to the s/g(2)-invariant multi-parametric Yang-Baxter equations (YBE) 
at q = i defined on the cyclic (semi-cyclic, nilpotent) representations of the algebra. We are deriving 
the solutions in form of the linear combinations over the sZg(2)-invariant objects - projectors. The 



^ ■ direct construction of the projector operators at roots of unity gives us an opportunity to consider 

-<^ _ 

all the possible cases, including also degenerated one, when the number of the projectors becomes 
(N ■ 
CN ■ larger, and various type of solutions are arising, and as well as the inhomogeneous case. We are 



giving a full classification of the YBE solutions for the considered representations. A specific 
character of the solutions is the existence of the arbitrary functions. 
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1 Introduction 

The study of the representation theory of the quantum algebras at roots of unity was begun at 
the early nineties of the past century [1, 2, 3]. At the same time it stimulated the works on the 
investigation of the (universal) intertwiner i?-matrices defined on the non-standard representations 
(which have no analogies in the case of non-deformed algebra). Such matrices, as well as intertwiner 
matrices for affine extensions of the quantum algebras were constructed and there were observed 
the models possessing the quantum algebra symmetry at roots of unity [3, 4, 5, 6, 7, 8, 9, 10, 24]. 
Especially the simplest case of the quantum algebra slq{2) at roots of unity {q = 1) was thoroughly 
investigated. The connection of the Potts model's i?-matrix with the intertwiner i?-matrices defined 
on the cyclic representations of the algebra slq{2) (N > 3) was observed [5, 7]. The i?-matrices 
defined on the semi-cyclic (nilpotent) representations of slq{2) were explored in [9]. As it is known 
the intertwiner matrices satisfy the Yang-Baxter equations (YBE) [11, 12]. Solutions to the YBE 
with the non-standard representations are investigated in the series of the papers [(3, 8, 9, 24] and 
some explicit solutions are obtained. However we think that the solutions to the Yang-Baxter 
equations with the cyclic, semi-cyclic and nilpotent, as well as indecomposable representations 
of the quantum algebra slq[2) at roots of unity need a thorough investigation. There is known 
the decomposition of the intertwiner matrices over the symmetry- invariant objects - projectors 
[14, 15]. For constructing the projectors explicitly at first one has to determine the fusion rules 
at roots of unity [3]. Using the detailed rules, formulated in [16] for the highest/lowest weight 
indecomposable representations, in our previous paper [17] by means of the direct construction of 
the projection operators, we see that the consideration of the highest /lowest weight indecomposable 
representations even for the simplest case q^ = 1 gives a large amount of various new solutions. 
Considering the whole set of the projection operators we ensure the foundation of the all possible 
solutions for the given representations. 

Here we investigate the YBE with the s/q(2)-invariant i?-matrices, defined on the cyclic (semi- 
cyclic, nilpotent) irreps, again at g'^ = 1, which means that we work with 4x4 matrices. And now 
also we find rich variety of solutions. As at roots of unity the center of the algebra is enlarged and 
the cyclic representations are parameterized by means of the continuous parameters (in addition 
to the eigenvalues of the quadratic Casimir operator), such parameters are involved in the YBE 
as new parameters, and in general here we deal with the multi-parametric YBE. We would like to 



emphasize, that the case of g^ = 1 was investigated in [8], where there were obtained particular 
solutions, with the matrix elements connected with the Clebsh-Gordan coefficients. The mentioned 
work contains first hint about a remarkable property of the general solutions defined on the cyclic 
irreps at g^ = 1, that is the existence of the arbitrary functions. Therein the author noted that the 
obtained solutions do not exhaust the all list of possible solutions at g^ = 1. In [24] the authors 
have constructed i?-matrices defined on the A^-dimensional irreps of slq{2) algebra at roots of unity 
q = 1 (A^-state colored braid matrices), taking the appropriate limit of q from the YBE solutions 
defined on the infinite dimensional representations at general q. The matrices are represented via 
the Clebsh-Gordan coefficients and are trigonometric functions on the arguments. For the case 
N = 2 this solution corresponds the mentioned solution brought in [8], if to set the arbitrary 
functions as trigonometric ones. However, as at roots of unity the representation spectra and the 
fusion rules are changed radically, the use of the limits of the formulas obtained at general q can 
provide us only with the part of the solutions; the whole set of solutions can be obtained if to 
construct the states and projectors directly for the exceptional values of q [17], as there can be 
degenerated situations, when the number of the projection operators becomes larger, compared to 
the cases at general q. We think that the presented technique allows us to pretend the full spectra 
of the YBE solutions defined on two-dimensional cyclic irreps. The investigation of the solutions 
by direct constructions with the cyclic (as well as the indecomposable) representations at higher 
roots of the unity we intend to perform in the further works. 

Among the obtained solutions there are entirely new solutions (presented in the subsection 4.3) 
and also there are such ones, which coincide with the already obtained solutions [8, 10, 20], such 
as the solution (4.4) [8, 10, 24] or the solutions (4.16, 4.17), which are the particular trigonometric 
limits of the solutions presented in [20, 22, 23] (see also the citations brought therein), and (4.49) 
[20]. Thus we unveil the underlying s/g(2)-symmetry of the mentioned solutions (4.16, 4.17, 4.49). 

All the obtained solutions have the so-called " free-fermionic" property [21, 22, 23], which is the 
peculiarity of the case q"^ = 1. The corresponding quantum one-dimensional spin-chain models are 
the generalizations of the XY model in a transverse magnetic field. This is an expected result, 
as it is known that the free-fermionic XX model corresponds to the case g = itz of the slq{2)- 
invariant XX Z model, and also there a correspondence is established between the checkerboard 
2d Ising model (the N = 2 analog of the chiral Potts model) and the free-fermionic XY (XZ) 



models [5, 13]. In [24] it is stated the correspondence of the obtained i?-niatrix at iV = 2 with the 
trigonometric hmit of the tree-parametric (or colored) free-fermionic YBE solutions [22, 23]. The 
connection of this matrix with the quantum algebras glq{l\l) and slq{2) are shown in [2(i] and [27]. 
The paper is organized as follows. In the Section 2 the definition of the quantum algebra slq{2) 
and it's representations are brought. The functional representation of the algebra by means of theta 
functions is constructed for the cyclic (semi-cyclic, nilpotent) irreps. The polynomial representation 
for the highest /lowest weight irreps can be found e.g. in [Ki]. In the Section 3 the YB equations 
for two-dimensional cyclic irreps at g = i (all the results can be extended for the equivalent case 
oi q = —i) are formulated, and the general aspects of the investigation by means of the projection 
operators are explained. In the Section 4 the solutions to the YBE are presented. In the Section 5 
the corresponding spin-chain quantum models in general terms are sketched and the summary of 
the work is given. 

2 Algebra and notations 

The quantum algebra s£q{2) is defined by the generators e, /, k^^ [3, 10] 

kek-'=q^e, kfk-^ = q'^f, [ej] = X~\k - k''), X = q - q-\ (2.1) 

The quadratic Casimir operator is written as 

.../+ ^"^+/''-\ (2.2) 

At the exceptional values of q {q^ = 1) the center of algebra is enlarged and three new Casimir 
operators appear: k^ , e and / , here J\f = N ii N is odd and M = N/2 if N is even [1, 3]. One 
can check this by direct calculations of the corresponding commutators. So the representations are 
characterized by means of the values of the mentioned operators 

e-^ = xl, f^ = yl, {k^l)^ = z^H and c = cl. (2.3) 

The values of the Casimir operators are connected by a relation (2.9) [3], which will be presented 
further in this section. The representations are grouped into two classes: ^-type representations, 
having highest and lowest weights, which include usual spin-representations Vr (typical to the 
algebra s/(2)) with the dimensions r < J\f and the 2AA-dimensional indecomposable representations 



X/1, arising in the fusions of the spin irreps, and the i?-type representations, including AA-dimensional 
cychc (semi-cychc, nilpotent) irreps Vj\f and the corresponding 2A/'-dimensional indecomposable 
representations Ib- For the detailed classification see [3]. 

Let us present here the general cyclic irrep {vi, V2 ■ ■ ■ 'iVj^f}, Vi+_sf = vi at q = ±1 with the 
action of the algebra generators: 



e-Vi = (3iVi+i, 
f -Vi = 7jWj_i, 



(2.4) 



The algebra relations give 



fii-i-fi - 7i+i/3i = [e + 2i]g, JJ /3i = x, JJ 7^ = y, q^^ = z. 

i=l 1=1 



(2.5) 



The parameters /3j, 7^, connected with the above equations, can be fixed by normalization condi- 
tions. Denoting Oj = 7j+i/3i, we find 



a,; 



ai - ^[e + 2p]q = ai-[i-l]q[l + i + e\q. 

V=2 



Parameterizing a\ as follows a\ 
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we obtain a compact formula 



i-e-\ 



(2.6) 



The semi-cyclic or nilpotent irreps correspond to the choice aj^ = 0, which gives the values ^ = 
±e ± 1 + 2nM (modulo 2AA). We can verify that the parameter ^ is connected with the eigenvalue 
c of the quadratic Casimir operator c. Acting by the l.h.s and r.h.s. of the relation (2.2) on the 
vector state Vj+i, we find c = Qj + 



"15- 






To relate the values of the Casimir operators [3, 10] one can start from the relation (2.2) in 
form: 



ef = c 



q ^k + qk ^ 
A2 



acting the l.h.s and r.h.s of it on the states of an AA-dimensional cyclic irrep and multiplying 
the results, which in fact will form the determinants (invariant quantity) of the corresponding 



M X AAmatrices. So one will obtain in l.li.s. Y\s=i ^s = ns=i Is Y\s=i f^s = xy. The result in r.h.s. 



one can reformulate using the relation 
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ll[a + k]„ = ;^-A^(^a+Ar(Ar+l)/2 ^ ^_-^^Mg-Ma-m^+l)/2^ ^ ^^^y 



fc=l 



So we arrive at: 
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A^ 
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A2 
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s=l 
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l-i(.-i)-. 



where the parametrization c = ^-^f — is used. Thus, 



xy 



A-2A^(g^5 + g-A^€ + (^l)A^(z + z-i)). 



(2.7) 



(2.^ 



A"2A^(^? + <^-A/-« + (-5)^(z + z-^)), 



(2.9) 



Taking into account the relation (2.9) the cyclic irreps have three independent characteristics. 
Besides of the parameters e, ^ in the presented representation space (2.4) we can introduce the 
third independent parameter uo by fixing the parameters /3j, 7j in the following general way: /3j = 
,yaif{e,^,uj,i), 7j = ^ai-i/f{e,^,uj,i — 1), with a function f{e,^,uj, i). Particularly we can take 



ft 



i + 



l + e + i 



[w + i\q, 7i 



C-e + l 



/[Uj + i-l]q. 



(2.10) 



Here the parameters e, ^, to are related by the constraints (2.9), x = <!>[ f^ ]<l>[(x'] and 



y 



$ 



-g-£+l 



]/<I>[a;]. In respect to q^ and q''^ these constraints are the equations of the AA-th degree and 



have different solutions of number M. The solutions with different ^ {^i = ^o + i, i = 1, ..., AA) are 
connected with different values of the quadratic Casimir operator, while the solutions with different 
w {ujn = Wo + 2n, n = 1, ..., AA) are entirely equivalent. 

Any cyclic representation with the given Casimir values {x, y, z, c} can be characterized by the 
quantities {x, y, e,^j}. The semi-cyclic irreps with the condition aj\f = can be defined as follows: 
Pi = Oi and 7j = l + {y — l)6i^i, when x = and there is a highest weight {v_\f); or /3j = l + {x — l)6i^j\f 
and ji = Oi, when y = and there exists a lowest weight (vi). 

The quantum algebra is characterized by co-product, definition of which has some ambiguity, 
when we check the consistency of the co-product with the algebra relations. In the case of the 



general values of q the generators on the tensor product of two representations can be chosen in 
the following general form: 

A[k] = k0k, A[e] = k''0e + e0k\ A[f] = k''(^f + f(g)k'^, 

which is obviously consistent with the scale part of the symmetry (2.1). Then unwanted terms 
in the algebra relations cancel at d = —a, c = —b and a — 6 = ±1. This provides one-parameter 
families of the co-products A and A = PAP (P is a permutation map): 

A[k^] = k^0k^, A[e] = r ®e + e® fc"+\ A[f] = k'"'^ f + f k'"" , (2.11) 

A[k^] = k^ (g) k^ , A[e] = r ®e + e®A:"-\ A[/] = fc-'^+i ® / + / fc~^ (2.12) 

However, when q takes exceptional values (g = ±1) only integer (integer and half-integer) values of 
a are acceptable. One can check this statement straightforward in the following way. If we suppose 
that the operator k"' satisfies the algebra relation k^-e = q^°'ek°', then we come to k°'e^ = q^""^ e^k"". 
As the operator e^ belongs to the center, it follows that cp' = 1, i.e. the number a (2a) must be 
integer if q^ = — 1 {q^ = 1). 

In the further discussion we use the formula (2.12) with the value a = 1. Then the operation A 
corresponds to (2.11) with a = 0. These two operations are connected with the intertwiner matrix 
R defined on the space V ®V: 

RA = AR. (2.13) 

It occurs that the irreps (representations), on which the intertwiner is defined, must have correlated 
parameters: the values of the extended center are mutually connected due to the relations (2.13). 
For general J\f the elements of the center e^ , f^, k^^ have the same co-products as the generators 

A[e^] = k^ ®e^ + e^ ®l, A[f-^] = Kg, f^ + f-^ (g, k--^ , A[k^^] = k^ (g k^ . (2.14) 

Implying the relation (2.13) for the elements of the center e , / on the tensor product of two 
cyclic representations with the characteristics {xi^yi^Zi} and {xj,yj,Zj}, we arrive at [3] 

ZiXj +Xi = XiZj + Xj, Hj + mzj^ = yi + z^^Vj- (2.15) 



2.1 Functional representation of the algebra 

The algebra (2.1) can be realized in terms of finite-difference operators acting on the space of 
complex valued functions as follows: 

e = q'l'^e\d-ot]qq'^, f = q-^/^-'^e-'[p - d]g, k = q^^-''-^ . (2.16) 

The parameter 7 is related to the rescaling of the generators e and /, while the parameter e is 
related to an automorphism e — ?• eA;*^", / — )• /c~^"/. The parameters a and /3 are also defined 
up to common shift. For the spin-irreps the representation space is isomorphic to the space of 
polynomials of e*. Then the half-sum (a -|- /3)/2 = i. has sense of the spin of the representation. 

The functional realization for cyclic representations, containing three independent parameters 
can be obtained from (2.16) by a transformation: e' = e Y^n'^ e„g^"-"+2"^, /' = / Y.n=o /ng'"""+^"^, 
k' = q^k, with some e^, /n, X which can be defined from the algebra relations. From the another 
hand we can simply apply the realization (2.10) to the appropriate chosen functional space. The 
role of monomials for the cyclic representations can play the following theta-functions with char- 
acteristics: 

00 

er{t)= ^ e^'^^("+^)'e*("^+^\ r = l,...M. (2.17) 

?i=— 00 

The parameter r is specified by one requirement: 

IrriT > 0, 

ensuring the convergence of theta-series. The functions (2.17) form basis in the space of entire 
functions of order M [:^^]. 

The cyclic property is implied in this realization by the fact that shifts induced by derivative 
dt on r units are defined by modulo J\f due to the periodicity of theta-functions (2.17). In order to 
find an operator realization of generators corresponding to (2.10) acting on basis (2.17) one should 
just replace the parameter i in the expressions of the matrix elements of generators by derivative 
d, and use (2.16) with fixed e. The resulting expressions are: 



e = e* 



5+l±£±i' 



TVIT 



(28+1) -t L 



2 ^ 



[a; + a],e^^^''^^^ ^ = e~JI^^'"^'^ e-^ ^ i«, k = q'^''^. (2.18) 
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3 i?-niatrices, cyclic representations and Yang-Baxter equations 

One can verify by straight construction that at q^ = 1 and x 7^ 0, y 7^ there are two possible 
types of non-reducible representations, which are 2-diinensional cyclic irreps and 4-dimensional 
indecomposable representations (of A or B class) [3]. The tensor product of two general cyclic 
irreps usually decomposes into a sum of two another cyclic irreps with definite values of the Casimir 
operators. It follows from (2.14), that the parameters x, y, z are the same for two cyclic irreps 
arisen in the fusion. Indecomposable representation can appear for some special cases, under 
the necessary (but not sufficient) condition that the values of the quadratic Casimir operator are 
coinciding. 

Let Rij is an intertwiner matrix of the quantum algebra slq(2) defined on the space Vi 0Vj, 
when Vi and Vj are cyclic irreps. Hereafter we shall denote by index iinVi the characteristic index 
of the representation space (and not the dimension, as it was in the previous discussion), now fixing 
the dimension of the irreps as r = 2. As it is known the intertwiner matrices Rij, Rij = Pi j Rij 
(defined on V^ (8> Vj) which have the commutativity properties 

ARij = RijA, ARij = RijA, (3-1) 

satisfy to the Yang-Baxter eqautions [10, 14, 15] 

R'ijRikRjk = RjkRikRij Or RijRjkRij = RjkRijRjk- (3.2) 

The spectral parameter dependent YBE, when Rij depends on C-valued spectral parameters Ui, Uj, 
can be achieved by the affine extension of the quantum algebra (or by any so-called "baxterization" 
procedure) . In the present situation the parameters arise naturally connected with the characteristic 
parameters of the representations Vi, Vj . When the operators in the l.h.s. and r.h.s. of the 
YBE act on the tensor product Vi V2 <Si V3, where Vi {i = 1,2,3) are characterized by the 
parameters {xj,yj,Zj}, then we can take the YB equations in the following form (the YBE here 
are inhomogeneous in the sense that the representation spaces Vi, V^- on which Rij-matrix acts in 
general have different characteristics) 

n /-xi,yi,ziN^ Cxi,yi,ziN o p2,y2,Z2') ^ i?,nF2,y2,Z2)o /xi,yi,zix o pi,yi,zi^, /g ^\ 

-"'i^lx2,y2,Z2^ l'^^X3,y3,Z3/'-"'^JVX3,y3,Z3/' ''^■3>vX3,y3,Z3y-"'1.3Vx3,y3,Z3y-"'l^VX2,y2,Z2''' \^-^I 

When A/" = 2, we define two dimensional irreps Vi so, that the algebra generators have the 



following general matrix representations on it: 

e^=\ ' I , /, = I - yr \^ k, = e'^\ ' ^ \. (3.4) 

- 





Here the algebra relations imply 2yfxf = coshej =F yAxiji + (coshej) . So e^ = Xjl, // = yjl, 



kf = — e^^^I (we set Zj = — e^"^') and Cj = =F\/xiyj + (coshej) /4 I, where I is the unit operator. In 
the further discussion instead of the parameters Xj, yj, Zj we are fixing the parameters Xj, Cj, £«. 
The value of y?, using the above relation, can be written as yf = \{ ^°% ^' +Ci). Then the parameter 

i 

x^ is just a parameter connected with the automorphism of the algebra: it can be cancelled by the 

/ /x^ \ 

automorphism: gi — t- UiQiU" , g = e, f, k, and U = i i . However for more generality we 

take the matrices dependent over the parameters xf-. 

The generators from the center of the algebra c = e^, /^, k'^, c are proportional to the identity 
operator on the irreps, and the relation (3.1) means, that an intertwiner can exist only on the such 
vector spaces' products Vi (d Vj, on which, particularly, Ajj[c] = Ajj[c]. This means, as it was 
stated in the Section 2 for general values of M and as we can verify by straight derivation, that the 
following relations must be fulfilled: 

Xj(l + 6^"^') = Xj(l + e^^^), Cj cosh Ej = zbcj cosh Ej, (3.5) 

where instead of the parameter y in (2.15) we use the eigenvalues of the quadratic Casimir operator. 
Summarizing, we see that the intertwiner matrices Rij for the general cyclic irreps depend on the 
representation characteristics Ej, x° and £j, x^, as the remaining parameters Xj, x^, Cj, Cj can be 
obtained from the relations (3.5), introducing appropriate constants Xj/(l+e^^' ) = xq, cj/ cosh Ej = 
cq. The parameters xq and cq are the same for the all three ^-matrices, so these are constant pa- 
rameters and can not be considered as spectral parameters. Let Cj coshej = Cj coshej, then the YB 
equations can be presented as: 

Rl2iui,U2]ll%l)Rl3iui,U3-,ll'^i)R23iu2,U3-,ll'^l) = (3.6) 

^23 {U2 ,U3;ll %l ) ^13 (^^1 ,U3;ll %l ) ^12 (^1 , ^2 ; ^^ ixg ) ' 

Here for more generality we introduced additional spectral parameters Ui. However we shall see 
that it is not necessary to separate these parameters, they appear naturally. 

10 



As in our previous works [17, 18], here we shall look for the YBE solutions in the form of 
linear composition of the invariant operators - projectors. We consider as projector operators a 
definite basis (hnearly independent and complete set) in the space of the algebra invariant operators 
which are commutative with the algebra generators in the given representation space. Let the last 
consists of the irreps Vi, which have different characteristics. Then the projectors Pi are defined 
as the matrices which act on the irreps Vi as unity matrices and vanish on the another irreps: 
Pi ■ Vj = SijVj. When there are irreps Vi, i = 1, ...,p, with the same characteristics then there are 
also the projectors Pij ■ V^ = PjkVi. The projectors satisfy the following relations: 

i 

In general the tensor product Vi^Vj decomposes into two cyclic irreps, on which the Casimir 
operators e^, /^ and k"^ have the same values (on the tensor product they act as the operators 
proportional to unity matrix), and the Casimir operator c has two different values Cjj, Qj, differing 
by a sign Cjj = —Cij = — icj sinh [ej + ej]/coshej. Taking into account this, we can denote the 
spaces in the tensor expansion as V-- : Vi ^ Vj = V-t ® V^ . 

As we intend to investigate the i?-type representations step by step, here we do not consider 
the indecomposable representations. It is worthy to mention however that for the cases described 
by Cj coshej = itcj coshej, the tensor product V2 (8) V2 = V2 © V2 under the condition e^'-^'+^J^ = 1 
deforms into V2 ® V2 = I^( [Ki], which is an A-type indecomposable representation. Now the 
i?-matrix, (as well as any invariant matrix) decomposes into the sum of the projectors Pj and Pj 
(see for the description the work [17]). As the number of projection operators does not increase, 
the new projectors can be found as the limit cases of the linear combinations of the non-deformed 
projectors P±, and as a result no new solutions to YBE arise [17], all the solutions can be obtained 
from the presented solutions taking a proper limit £j — t- — Ej. When Cj = Cj = the tensor product 
remains the same. 

4 Solutions to YBE 

We analyze in this section the solutions to YBE defined on the tensor product of three two- 
dimensional cyclic irreps. Semi-cycle and nilpotent cases can be obtained taking the particular 
limits. 

11 



Below we consider separately three different cases corresponding to the relations (3.5): Cj cosh Ej 



Cjcoshsj, Cjcoshej = — Cjcoshcj and Cj 
be degenerated, also will be considered. 



Cj = 0. The case cosh Ej = cosh Ej = 0, which occurs to 



4. 1 Cj cosh Si = Cj cosh Ej 



At first let us explore the case Cjcoshej = Cjcoshej. There are two projectors here P^ 

Cijl)/(2c,j) and P^ = {c + c^jl)/{2c,j): P± ■ Vr] 



-(c 



V-- . The coniniutativity relation (3.1) means 
that Rij is a sum over the "projectors" P± = VijP±, where Vij is an identical transformation map 
V{xi,yi, Zi} (g) V{xj,yj,Zj} -^ V{xi,yi, Zi} ® V{xj,yj,Zj}. 

The operator Vij depends for the discussed case on the parameters Si, Ej, (x^, x?), 

/ 1 \ 



V,, 





^ 






-e^O 



l+e=ie-J 










(4.1) 



\ 1 / 

This projector operator has the following properties, VijVji = I and Vu = I. 

h + hjP-, 






The matrix R^Au) 



RZ 











x^(e^i-e ^J7^j)cosh[£i] i(/^j cosh [e^] -cosh [ej]) 

x^ sinh [ei+£j] sinh[ei+£j] 

i{fij cosh [£j]-cosh [gj]) x° (e^J fjj-e-^i ) cosh [gj] 
sinh |£i+e,| 



x^sinh[£i+£j] 









\ /y- y 

admits a general solution with fij = {fi + e^''^^-'/j)/(e^*~''^J/j + /,). Here the coefficients 
are arbitrary, and enter into the solution as fi/fj, so we can denote that proportion as 
f( "x°'Im'|'i ^ith arbitrary function /(ej,x?, {uj}) and a set of the spectral parameters {uj, 
The corresponding matrix is 



(4.2) 



Jii Jj 
h = 

Uj]. 



RUu,e'\e'i,^f,x' 



4" l + e^^ + '^J ^ 
Jj 






l+e 



Ei+e,- A 



xj i+e=i+=j A 











(4.3) 
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Note, that the matrix (4.3) for the particular homogeneous case £i = £j, x? = x^, is a i?-matrix, 
describing the XX-model in the transverse magnetic field (cose). Setting fi/fj = e"'~"j = e", and 
after consecutive replacements e^^ = e^"° , u ^ iu and uq — )• iuq + i7r/2 and multiplying the matrix 
by an overall function sin(ii + uq), we shall come to the i?-matrix, which describes the XX-model 
in the transverse field cosuq [19, 10, 24]. 

/ 



Rij{u) 



\ 



sin(n + no) 













\ 





e*" sin Uq 


sinti 












sinti 


g-jn gjj^ 


Uq 


















sin(uo - 


-u) ) 



(4.4) 



This matrix satisfies to the simple YBE 



Ri2{u - v)Ri3{u)R23{v) = R23{v)Ri3{u)Ri2{u - v). 



(4.5) 



As there are classified the YBE solutions with general non-homogeneous 4x4 i?-matrices with 
eight non-zero matrix elements (like eight- vertex model's i?-matrix [13]) depending on the one 
spectral parameter ("difference property": R{u,v) = R{u — v)) [13, 20], we know that there are 
limited kind of such solutions and all the interesting cases are restricted with the cases of the 
XyZ-model's matrix and the " free-fermionic" non-homogeneous extensions, one of which is just 
the matrix brought above. At q = i the slq{2) invariant matrices defined on the irreps all have 
free-fermionic property: -Rog^Jj = -RgJ^Jo ~ -^oi-^io (^^^ ^^^ Summary). 

At the end of this subsection we want to mention the relation of the solution (4.3) to the one 
obtained in the paper [n]. These two solutions can be related by an automorphism of the matrix 



Rij, written as 






f f 



(4.6) 



induced from the transformations e.n- 
of the space V^j- with a function f„. . 



f"i,j^"«,i °^ ^^^ vector basis e„; ^. (n^j = 0, 1, pi^j = 0, 1) 
1 -|- ie^'-'^Srii ,1- SO' only the matrix elements Rq\ and 



R\q transform correspondingly into the functions -i- 






and 



x^ (l--ie^i)(l-He^ 






being 



equivalent to the matrix elements in [8]. 

Now let us represent the next solutions to the YBE with the cyclic representations. 
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4.2 c,- cosh £j = —Cj cosh £,- 



In the case Cj coshej = — Cjcoshej the transformation operator Vij has the foUowing matrix repre- 
sentation 



n 



u 











(1 


x,(l+e"^J) \ 
-e''»+''j)xfx° 








1 










1 










x^xj(l+e2=0 
\ x,(l-e-'>+^J) 













(4.7) 



As we see there is a dependence from the parameter Xj. RecaUing, that Xj/(l + e^^') = Xj/(l + e^''j), 
we can use an independent parameter xq = Xj/(1 + e^"^') instead of x^. And then the matrix 



R 



'u 



Vij{P^^gijPJ)\& 



I -ijgij cosh [£i]+cosh [ej]) 



Rl 



\ 



sinh \£i+£-j 





-x^x-(gy+e- 



') 



2x0 sinh [ei+Sj] 





1 

Qij 





-2xo(g^j+e'^'+'^J ) cosh [sj] cosh [g.,] \ 
sinh [ei+ejjx^x| 




j(cosh [£i\+gij cosh [ej]) 

sinh [ei+Ej] / 



(4. 



The matrix of this kind have to be considered in the YBE together with the matrix Rf- = Vij {P+ + 
fijP-) in the following non-homogeneous YBE, 



Rt2iui,U2;ll2%l^^r3i'^^^U3-,ll'X%l)R23iu2,U3] 



e2,C2,x5N 



(4.9) 



-R23(^2,U3;£3,c3,xg)-Rl3("l'^3;e3,C3,x|)^12K'^2;e2,c2,xg)' 

where the conditions cicoshe2 = C2Coshei, cicoshes = — cscoshei and C2Coshe3 
work. 

The solutions to the presented YBE are of this graceful form 



-C3 cosh £2 



/, 



/ [ui , ffi , x^] + e^'+=^7 [uj , ej , x" 



«j 



9ij 



f[ui,ei,x^] - e^'+'^ig[-»j,£j,x^] 



(4.10) 



where the functions /[n,e, x"], g[u,e,yi°'] are arbitrary. Note, that the solution Rf- coincides with 
the general solution obtained in the previous subsection. 

Note, that the resemblance of the functions fij and gij is not casual, as the constraint Cj cosh Ej = 
— Cjcoshej can be transformed into Cj coshej = Cj cosh (e^ ■ + zvr) (corresponding to the case dis- 
cussed in the previous subsection) , which means that we can consider the space Vj having parameter 
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(ej + ivr) instead of Ej , which does not change the values of Zj , Xj , jj , but interchanges the vector 
states: {vi, V2}j — ?• {v2, vi}j, explaining thus the difference between the matrix forms of (4.7) 
and (4.1). And moreover, we can extend this observation for the case with general Af. Then the 
relations between the characteristics of two cyclic irreps Vi, Vj, on which an intertwiner is defined 
can be presented as follows from the general constraints (2.9) and (2.15) {q^ = ±1): 



1/2 -1/2 

Z.- — Z • 



1/2 -1/2 



2' 



1/2 -1/2 

Z,- — Z ■ 



1/2 



-1/2 



-.(4.11) 



The second equations connected with the quadratic Casimir operators with two signs can be relate 



one to another by the change z- 



1/2 



1/2 



4.3 







The next case corresponds to the situation, when Cj = Cj = 0. Now two eigenvalues of the 
Casimir operator Cjj coincide one with another and equal to 0. It means that there are four 
linear independent projection operators, which compose the ^-matrix. We denote them as Vij ■ 

{P++, P--, P^ , P hi- The first two operators act on the each of two cyclic representations 

as identity operator and vanish on the other irrep {P±± • V^,- = V^- , P±± ■ VjJ = 0), meanwhile 
two other projectors transpose one irrep with the other (-Pt=p • KjT = V- , P±^ ■ V- = 0). The 
transformation operator Vij now can be written as 



/ {xf)^e^i cosh [e-,]-e ^J (x°)^ cosh [et] 



Pi 



\ 



x^^x^ sinh [£i+ej] 












1 





1 





(x^'')2e-^»-{xp2e-^i 








2ixo sinh [ei+£j] 



2^xo(e^»(cosh [£i]/x°)^-e^i (cosh [£j]/x°)^) ^^ 
sinh [ei+Ej] 





(x")^e-i cosh [e;]- e~'^i{x?)^ cosh [ej] 

x?x^sinh[ei+£j] J 



. (4.12) 



Then the matrix Rij = Vij {P++ + fijP + gijP-\ + hijP ^) has the following form 



/ x"e^i cosh [ej] p. p, 2xoe^3 (cosh [ej-])^ \ 

x^ sinh [Ei+Ej] ^(x^)2 sinh [Ei+Ej] 



Ri 



(x°) 



\2zxo sinh [ei+e^] 



1 








-x^e^^^ cosh [cjj 
x"' sinh [ei-\-ej] / 



/ -x^e ^J cosh[£,] 22XQe^^(cosh[£,])^ 

x"' sinh [ei+Ej] (^i')^ sinh [e^+e -^ 



+/, 



^J 






»(x°)^e-^. 
\ 2xo sinh [ei+Ej 




1 







x^e^'' cosh la] 
x^ sinh [£i+£j] / 



(4.13) 
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/ cosli[ej] p. p. — 2xoe^^ J cosh[£j] cosh[£i] \ 

z sinh[£i+ej] x^x^ sinh[e-i+ej] 



+gi 






^2x0 sinh[5i+ej] 



1 








i cosh[£i] 
sinh[ei+£j] 



+hi 



I 



cosh[e,] 








-2X0 
x^ 


cosh[ej] cosh e^ 
x^ sinh ei+ej 


1\ 


i sinhfe^+Sj] 





















1 












-x?x^" 










i cosli[e J ] 


/ 


^2xo sinh[ei+£j] 


sinh[£i+£j] 



Among the YB equations there is simple relation on the coefficient function /j 



Jik — Jijjjki 



(4.14) 



which expresses the factorizable property of fij. It means that we can take fik = fi/fk^ with the 
functions fa {a = i, k) depending only of the parameters with the index a. 

At first let us explore two simple cases. 

When Qij = and hij = 0, then there is one solution to YBE with the following value of the 
factorizable function fij 



/, 



e^^(cosh [ej]x^)2 1 ± y^l + /o(cosh [e,])^ 



«j 



(4.15) 



e^«(cosh [ei]xp2 ^i ± ^1 + /o(cosh [ej])2 _ 

where /o is a constant. 

When the expression for the ^-matrix includes only the projectors P^ and P |_, then there is 

no solution to the YBE. 

For obtaining the general solutions let us consider at first the homogeneous solutions which 
satisfy the conditions x? = x^, £i = £j, and explore the one-parametric YBE equations (4.5). 

As we have stated, the function fij can be presented as fik = fi/ fk- If fi depends only on the 
state parameters xf and Ei, then in the homogeneous case fij = 1. There are two such spectral- 



parameter dependent solutions. One is written as fij 
additive spectral parameter) 

/ 



1 and gij 



-hi 



tanh [u] {u is an 



R*{u) 



\ e-"tanh[u] 





1 

tanh [u] 






tanh [u] 
1 




e" tanh [u] 


1 



2e^ cosh [ei]xo 

w ■ 



(4.16) 
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The second solution corresponds to fij = 1 and gij = hij = tanh [u] tanh [si], 



( 1 



R**{u) 



■ tanh [u\ 



cosh a 







\ 



(4.17) 



— e" tanh [u\ 
1 tanh [si] tanh [u] 

tanh [si] tanh [u] 1 

\-e-"tanhM 1 + *|^ 

This is just a trigonometric hmit of the ^-matrix of the 2d Ising model [13, 19, 20]. 

If fi has also an extra argument Uj (spectral parameter), then in the homogeneous case we take 
fi = /[uj], and fij = f[u,i\/ f[uj\. As we are exploring now one parametric YBE (4.5), we require 
that the function fij depends on the difference of the spectral parameters, which dictates the choice 



of f[ui\ as an exponential function, and fij = e 



Ui^Uj 



e". Then we shall come to the solution (4.4) 



obtained in the subsection 4.1. The generalization of this solution to the inhomogeneous case is 



/, 



«j 



(x-)2/[e,,x-,{u,}] 



9ij 






e^Ul + e^^^ 



'x^ (1+62*^0(1+6^^0 



h 






^J 



pZ^T 



(4.18) 
(4.19) 
(4.20) 



x'^ (l + e2=0(l + e2 ^ 

The function f[ei,xf,{ui}] is an arbitrary function. In the particular homogeneous case when 



ei 



x" and /, 



J 



V 



^2{ui-Uj) 



e , we have fi 



V 



6 ) 9ij 



hij 



ze" sinh [u]/ cosh [cj]. 



the corresponding i?-matrix coincides with the solution (4.4). And one can observe, that in the 



inhomogeneous case, taking 'ff"\'f J] 



/-. .'^■>r-ij 1 after some normalization calculations this is 
the solution Rf- (4.3) which we have in the subsection 4.1. The appearance of the solution Rf- 
here is not casual, as the eigenvalues Cij are not presented in the projectors evidently, so the values 
are also permissible in the case discussed in the subsection 4.1. This solution, with the 



e is also equivalent to the trigonometric limit of the free-fermionic elliptic solutions 



choice 7^ 

[22, 23], after fixing the elliptic module as fc = 0. 

The extension for the first matrix (4.16) with the parameters xf ^ x^, Ej ^ Sj can be written 
as 

(xf )2 1 + e2^' 



9ij 



;i + e^^O-^ 



f^■ 



±{h[ei,xf,{u^}] - h[ej,x'',{uj}]) 



(x^)2 1 + e2£i 



x" h[ei,x'}, {ui}]{±i + e^^){e/^ + i) + h[ej,x'', {uj}]{±i + e^j)(e^> + i) 



,(4.21) 



(4.22) 
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The function h[e, x°, {u}], here and below too, is an arbitrary function. Two solutions with different 
signs can be mapped one to another by the shift of the variables ej j — t- Ej j + ivr and transformation 
hij — )• — /ijj, Qij —7- —Qij- The corresponding R matrix, after normalization, with multiplication 
by a function, has the form (we choose the case with upper sign in (4.22) and use the notations 
hi = /i[ei,xf,{ni}], hj = h[ej,ii"j,{uj]] and hi = h^^^, hj = hj^Sf^) 



( 



ft* 
Hij 







^°(e°'-') 



lfil^(^^ + /.,) 



x^x°(^hi—hjj 



x1{e^i —i) 



e~3 —i 

XQ(e^' -i){e'i -i){h,-hj) \ 
x^x". 

hi — hi 

h) 

hi + hj J 







(4.23) 



This matrix, after an appropriate re-parametrization can be brought to the form of the two- 
parametric solution of YBE [20], see also (4.49). 

The extension of the second solution (4.17) for the inhomogeneous case is 

(x^)2 1 + e^^' 



fr 



U 



(x°')2 1 + e2^' 



Qij — '^ij \ -^^ 



X^ 1 + e2e. 



hi 



xf/i[ei,xf,{ui}](l±i(e^ 



oEi+e 



0-/i[ei,x^,K}](l±i(e^ 



oEi+El 



) 



XJ 



(4.24) 



(4.25) 



(4.26) 



±(1 + e2-0(/ih,x-, {ui}] + /i[e„ X-, {u,}]) 

By redefinition of the arbitrary functions /i[ej,x?, {uj}], it is possible to change the appearance 
of the functions hij, gij. Particularly, one can bring the parametrization in (4.22) to the form 



h 



similar, but no equal to (4.26). 



"^ =^" ±{lW^)(h[ei,^1,{ui}]+h[ej,^-,{uj}]) 

The particular homogeneous cases (4.16, 4.17) correspond to the choice /i[ei,x^, {uj}]//i[ej,x°, {uj}] 
^2(ui-Uj) ^ g2M_ Note, that this solution with the same choice of the function /i[ej,x", {uj}], but in 
inhomogeneous case £i ^ £j is equivalent to the trigonometric limit of the elliptic solutions [22, 23], 
with the elliptic module k = 1 (for the parameterizations presented in [23], one must perform some 
transformations, such as £i = fi + 7r/2 and then the automorphism (4.6), with appropriate chosen 
functions f„.). 

The matrix representation of the solutions (4.24-4.26) is the following (the case with upper 
sign), where we have used the notations hij = hi + hj, hij = hi — hj and £ij = £i + Ej 



Uij 



x'^{l + e 



2ei 



X (4.27) 
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-(1+e 


^=0(l+e^ 


^^)h 


Xo 


\ 




x^x'^hij 




























(1+e^'J 


)hii+^(.e': 


+e^i 


)K 


7 




hi, 






/ 



hij 

x^jl+e'^'i) (e"'J•-l)/l.j+^(e^^-e^J•)hi, 

^i ''ij 

r, (e^'J -l)/iij -ije^i -e^i)hij x'^jl+e^'i) 

hij x^ 

V -^-r^^'^^ 

\ xohij 

The obtained solutions R{ei,£j,x^, x^;ui, Uj) contain arbitrary functions on the variables £i,xf, Ui 
This dependence from the arbitrary functions has a remarkable property of " factorization" , in the 

f /hie- x" \u\\ 

sense, that the functions appear in the matrix elements only in the form of the ratio f kr "x^Im 41 • 
In this way it gives us an opportunity to choose the dependence from the extra arguments (spectral 
parameters Uj, Uj) in difference form via the exponential functions, J, A "x^'L 41 ~ e"'""^, and for 
the argument Uij = Ui — Uj the YB equations have ordinary form (4.5). The mentioned property 
comes from the fact, that we have obtained the above inhomogeneous solutions as generalizations 
to the solutions of the YBE (4.5). 

But, as we can see, there is possible to obtain more general inhomogeneous solutions, where 
the dependence from the arbitrary functions has not the discussed "factorization" property. The 
solutions of the functions fij, Qij, hij to the YBE for the homogeneous cases, i.e. at the values 
Ei = £j, x" = x^, can be viewed as primary conditions for the general inhomogeneous solutions. 
Further we represent all the constant primary conditions (constant solutions to YBE), i.e. when 
also Ui = Uj (spectral parameter dependent ones Ui 7^ Uj with YBE (4.5) are presented above), and 
their extensions. 

•k The most fruitful case corresponds to the primary conditions fa = 1, ga = ha = 0. Note 
that the already obtained case (4.15) is one of the such solutions, which has not included in the 
three families of the solutions (4.21-4.22), (4.24-4.26) and (4.18-4.20), presented in the previous 
paragraph. 

Hereafter we omit the variables x'^ and u in the arguments of the functions, as the variables Ui 
are not involved immediately in the YBE, and the variables x? can be eliminated by the appropriate 
normalization of the functions. However, when we obtain a dependence from an arbitrary function 
on the parameter ej, then we can involve in the argument the remaining variables as well. 

We take for the function fij a general parametrization (4.18) 



f^J = TZ^.TiTl- (4-28) 
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For presenting the general solutions with the mentioned primary conditions fa = 1 , gu = ha = 
we denote 

From the YBE we obtain the following consistency conditions for the solutions {g^ is a constant) 
hj=^ or e^^(l + e2^')'4^4 + i(l + e2^05^i = /i^J77f^■ (4.30) 



One can unveil the meaning of the above conditions, representing the i?-matrix (4.13) in terms 
of the functions hij, gij. It appears that ^^i ^ ^iji ^'^^ -^oo ~ {^^^ (1 + ^^^O^ffej + ^(1 + e'^'^^)gij)- 
Thus the consistency conditions simply imply R^^ = or ^qq = (when ^o = 0), or ^qq ?» 

RTi/ifh]f[e,]). 

At first let us consider the case hij = 0. The solutions now have the forms (the function g^j can 
be obtained from the equation (4.29)) 

where the functions h[e] and /[e] are interrelated/interdependent. Let h[e] is an arbitrary function, 
then the general solutions contain a constant number /o and 



_ {l + fo)h[e]±^{l + fi)h[e]^-2fo) 

li^l — 1 , 2f ■ (4-32) 

1 + e"^^ 

Of course, one can reverse the dependence in the relation (4.32) and write the function h[e] in terms 

of the arbitrary function /[e], then we shall come to the formula 

hi^ = (4.33) 



^.x^ cosh [£,]/[£,](l±iv/e^WT7o(cosh [gj]/[gj])2)-cosh [ej]f[ej]{l±iy^I=^^fo{cosli hl/h])^) 
x" 2/[ej] cosh [sj] cosh [ej] 

When in (4.31) the function h[e] = 0, then the condition (4.32) is not required, the function 
/[e] is arbitrary, and we come to the solution (4.18, 4.19, 4.20). 

Now let us consider the case hij 7^ in (4.30). When go = 0, then we have the solutions with 
arbitrary functions f[e] and constant /q: 



.1^2 



^ xf i(cosh h]/h]-cosh [£,]/[£,])± V/o+e^^^cosh [em^iW^Vh+e'^^icosh [ej]f[e,]) 
'^ x'^ 2/[ej] cosh [ei] cosh [ej] ^ ^ 
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In the case go ^ the general solutions are of the following form with arbitrary f[e] and go 



where /[e] = [1 + e^^]/[e] and (below Kq is an arbitrary number) 

m = '-^'M'^ - ' (4.30) 

Mhi ± \/(/[e]fco)2 + ((/[e1)2 - ainmf - 1) 

The functions /ijj, ^jj can be obtained then using the relations (4.29) and the second equation in 
(4.30). Let us remind once again that the arbitrary function /[e] can have also an extra argument u, 
and in this case taking the homogeneous limit Si = e^, x" = x^ (two identical irreps), but keeping 
Ui 7^ Mj, we shall have two-parametric solution R(ui,Uj) to YBE.. The solutions (4.21-4.22), 
(4.24-4.26) obtained previously in this subsection and containing arbitrary functions h[ei, xf, {ui}] 
correspond to the exceptional cases of (4.35, 4.36), with the property f[e] = 1, go {f[e] = constant). 
If we impose additional requirements gij = 0, hij = 0, it will fix the function fij, as in the case 
(4.15). For completeness, let us present all the particular cases. When hij = and/or gij = 0, 
then under the conditions hij 7^ 0, go ^ (the second relation in (4.30)) we shall come to the 
solution (4.15). For the mentioned conditions, there are another particular solutions also: when 
hij = they are /[e] = ^^^ and g^j = i^^^^^j^, when gij = 0, the solutions are /[e] = ^f^ 
and hij = —i- coshM ^ '^^^ condition hij = brings to the specific solutions 



h, = 0, ^[,] = i±^Z^5^^°!M£El, g, = ^ie^^f^^ 



cosh[e] ' f[ej] 



and 



,.,=0, ff,^,L^lMVITT^^M>, ,,^. = .,,-./l£4_,-«) 



cosh [e] ' / [ej 

The conditions hij ^ 0, go = (see the second relation in (4.30)) imply 



_ r , _ e ^(l±^l + /oe^cosh[£]) _ _e, /[£»] cosh [g^] _ _^^cosh\ej] 

''~ ' ^^^~ cosh[g]2 ' ^^^■-'^' /[e,]coshy coshN^ 



and 



^r,i_ e^ ± V/pe-- cosh [e] - 1 _ „v,e,: /N cosh h] ^^, cosh [e^] ^ 

^''~ ' ^^^~ e^^cosMef ' '" ^ /[£.]cosh[e,] cosh ^ ^ 

As it was stated the variables x^ can be eliminated from the YBE by the appropriate normalization 

of the functions fij, gij and hij-. fij -^ )^fij, gij -> ^gij and hij -^ ^hij. For expelhng the 

variables xf from the .R-matrix (4.13), there is need also an additional vector space renormalization. 

Hereafter in the formulas we omit the variables x°. 
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•k-k Next group of the solutions is equipped with the primary conditions 

fa = 1, 9ii = -ha = ±1, (4.37) 

fa = 1, 9ii = hii = ± tanh [ei]. (4.38) 

At the first we investigate the case gu = ha = it tanh [si]. Here we have two solutions 

_l + e^^j _ ±(1 -e^'+^j) + i(e^' - e^O _ ±{1 - 6"^+^^) - i{e^^ - e^^) 

1 + e^^» 1 + e^^' 1 + e^^» 

Then for the case ga = —ha = 1 we obtain 

1 + e^''^ i-e^'i i- e^i 
fij = -7-. — oT' 9ij = --■ -, hij = -. (4.40) 

When ga = —ha = —1, then we have 



1 + e^^-? _ i + e^J _ i + e^^ 



■^«J ~ 1 I „2ei ' •S'«i - „• , „£,- ' "'i'J ~ ~ .• I „£,- • (4.41 j 



• •* As we can see, the previous group of the solutions exclude the normalization condition, 
i.e. -Rjj(e,e,x",x", 0) 7^ I. Another group of such solutions is 

e^3 —i 

fij = 0, gij = -——-, hij = ——-—, (4.43) 

The remaining case can be presented by the following matrix Rij = fijP + gijP^ + hijP |_. 

Here the existing solutions to YBE are (we can set fij = 1, as there is a normalization freedom) 



2 cosh Ei ' ^'' 2 cosh e,- ' 



9-i - o „,t ;^ ■ ''« - 2 cosh ej ' '''■^^' 



,,= (!£i±il^, H,,= ^-i^^. (4.47) 

1 + e^-' 1 + e^J 

So, we exhausted all the possible solutions with the condition Cj = Cj = 0. 
As we see the solutions with the normalization condition Ra = I contain arbitrary constants 
and arbitrary functions, forming so families of the solutions. 
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4.4 coshe = 



ibcjcoshej include also the case with coshejj 



0, 



The solutions of the equation Cj cosh Ej 
which we did not consider above as it corresponds to the value Zjj = — 1. But here there is an 
interesting property of the algebra. Two dimensional representation of the algebra now has two 
linearly independent generators, as here fi = (cj/xjjej, fj = (cj/xj le-,- and kij = diag{ — 1,1}. 
But the co-product defined above give good defined four dimensional representations for all three 
generators. The fusion here corresponds to the case V2 (8) V2 = V2 ® V2, where in the summand 
there are two dimensional cyclic irreps with the values e^ = x = Xj + Xj, /^ = y = yi + yj, A;^ = 1, 
the quadratic Casimir c has two different values on the irreps, differing by the signs, itcjj, Cjj = 
Xj + Xj)(c?Xj + c^Xj)/(xjXj). The projection operators P^ , P^^ can now be constructed as well: 



Pj" 



/ 
\ 


Ci+Cj±Cij 

T2c., 




±2cijXiXj 




CiXj+CjXi 

±2cij 






Cj-Ci±Cij 

±2c,, 

CiXj+CjXi 


T2cijXi 





CjXi 








i^i ' 



(4.48) 



The simplest matrix Rij = P^ + fijP^j satisfying to the YBE is a constant 



/-I 



V 



and 



1/ 



corresponds to the value fij = 1. The next solution has the value fij = — 1 and the corresponding 
matrix, after multiplication by — Cjj/(2^cjCj) and redefining the parameters, Cjj = e^"''^, Xjj = 
g2u;ij ^ jg ^YiQ following (the notations Uij = Ui — Uj and Wij = Wi — Wj are used) 



/ 



R{uij,w. 



%j 1 ^ij ) 



cosh \u,i 













e"" 


i+'"2sinh[i 


e"'*^ cosh \aij~Wij\ 


sinh \uij\ 









sinh [— Uy-] 


e^"''J' cosh \u.i,j ' 


-w,j\ 

















cosh \u 



A 



This is simply the two-parametric solution [20]. 

Note, that for the nilpotent or semi-cyclic irreps this case equivalent to q = Cj = 0. 



(4.49) 
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5 Summary 

In this article we have obtained the all spectra of the solutions to the s/g(2)-invariant YBE at 
g^ = 1 defined on the cyclic irreps. We would like to discuss here some peculiarities of the obtained 
solutions and the corresponding integrable models. 

We want at first to pay the attention into the following interesting point regarding to the 
appearance of the arbitrary functions in the solutions of the investigated YBE with inhomogeneous 
behavior. The homogeneous choice of the irrep parameters {xi,Zi,Ci} = {xj,Zj,Cj} then give us 
"baxterised" YBE solutions. It is because of the arbitrary functions. Indeed, as we have noted 
the arbitrary functions can be parameterized besides of the irrep characteristics also by some 
external parameters: {uj}, {uj}. Then taking the homogeneous case in the solutions, we can keep 
{ui} 7^ {uj}, and as result we shall have spectral-parameter dependent solutions to the homogeneous 
spectral-parameter dependent YBE. In this case of the homogeneous limit the arbitrariness of the 
functions has not meaning that there is a family of the solutions, as now the function f{ui) is just 
a transformation (reparametrization) of the spectral parameter n,,. We can separate the obtained 
solutions as really "baxterised" ones, which include arbitrary functions, and "just" inhomogeneous 
solutions, where all the functions are fixed (the arbitrariness in this case can be presented only by 
arising of some constants), and their homogeneous limits are the solutions to the constant YBE. 

As it was observed before the existed 4x4 solutions to s/g(2)-invariant YBE at q = zizi all 
have the " free-fermionic" property [13, 5, 8, 10, 24]. We can show here that this is valid for 
all the solutions on two dimensional cyclic irreps and moreover: all the matrices in the form 
Rij{u) = Yli fa{'^)Pij-, with the obtained projection matrices (for all three cases discussed in the 
Section 4), independent from the functions fa{u) (with arbitrary fa{u)), possess the following 
relation on the matrix elements: 

R°o'o{n)Rll{u) + Rl'i{n)R%{u) = i2gl(u)i?lo°M + RII{u)RTAu). (5.1) 

The chain models corresponding to the obtained solutions all have the form of the XY models in the 
transverse field. Let us present a general expression for the corresponding quantum Hamiltonian 
operators. The transfer matrix approach in the theory of the integrable models implies, that the 
first logarithmic derivative (at the normalization point) of the transfer matrix defined on a one- 
dimensional chain as t{u) = trj Y\- Rij{u), coincides with the Hamiltonian operator of the integrable 

24 



quantum spin-chain model, H = idT{u)/{T{u)du)\u=o- It means that the expansion of the i?-matrix 
near the point u = 0, where -R(O) = /, gives interaction terms /ij,i+i in the elementary cell of the 
nearest-neighbor Hamiltonian operator H = ^^ /ii,i+i- At u = we have 

i2o°S(0) = Rl\{0) = R'o\{0) = i?lg(0) = 1 (5.2) 

and the remaining elements are vanishing. Expanding near that point the relation (5.1), we can 
see, that the derivatives at that point satisfy to the following relation 

R'ooiO) + Rll'iO) = R'ol'm + Rl'o'iO). (5.3) 

The expansion of the ^(n)-matrix for the /ij^j+i (we omit the overall coupling constant) gives the 
following relation, where we use the Pauli matrices a~^ = (o o)) cr~ = (^ g), o"^ = ^(q _P^), 

/.,,,+! = 1 (<0'(0) + Rll'iO) + i?gl'(0) + i?lg'(0)) + (5.4) 

i(i200'(o) _ i^ii'(o) + Rll'iO) - i?ig'(0))cTf + i(i2gg'(0) - Rirm - i?o°i'(0) + i2lo°'(0))<+i + 
+ (<0'(0) + Rll'iO) - <'(0) - Rl',' iO)) a faf^,+ 
i (<'(0)ara+ , + R%'iO)ata-,, + i?ii'(0)a+a+ , + i???'(0)a-cT-+i) . 

We see that the coupling before the interaction term crfa^,-^ vanishes for the matrices with the "free- 
fermionic" property. In terms of the scalar fermions this summand corresponds to the four fermions' 
interaction. The fermionic representation can be performed by the Jordan- Wigner transformation 
[10], or by a simple method brought in the work [19] for a general 4x4 i?-matrix. The chain 
models with the local terms (5.4) in the Hamiltonian describe some inhomogeneous XY models in 
a transverse field, and the Hamiltonian operators in the representation of the fermionic creation 
and annihilation operators have only quadratic nearest-neighbored hopping terms. 

As example, the solution (4.4) just describes the XX-model in the transverse magnetic field 
w coshuo, 

H = jY^ i^afa-^^ + CJ+ iCJ- + cosh uoa^j . (5.5) 

i 

Another Hamiltonian operator corresponding to the general solution (4.3), when we normalize the 
matrix so that a = 0, and fi/fj = 1, and the transfer matrix is expanded near the point e, = £j = e, 
is written as 



H = JY. (^(^t^I+1 - <i^r) + e%aUi - af ) . (5.6) 
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Note that this relatively simple free-fermion description arises in four-dimensional matrixes case 
q = ibz. Higher roots of unity, starting from 9 x 9-dimensional case, corresponding to q^ = 1, lead to 
much more rich variety of solutions and contain also higher interaction terms in the corresponding 
one-dimensional quantum chain Hamiltonian operators. These cases will be considered elsewhere. 

The more interesting results we expect to find are connected with the cyclic indecomposable 
representations, as in the case for the highest /lowest weight indecomposable representations, con- 
sidered in [17]. There we have found solutions, which correspond to the one chain Hamiltonian 
operators with the interactions. 
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